Abstract. Let L be a nonnegative, self-adjoint operator satisfying Gaussian estimates on L 2 (R n ). In this article we give an atomic decomposition for the Hardy spaces H p L,max (R n ) in terms of the nontangential maximal functions associated with the heat semigroup of L, and this leads eventually to characterizations of Hardy spaces associated to L, via atomic decomposition or the nontangential maximal functions. The proofs are based on a modification of technique due to A. Calderón [6] .
Introduction
The introduction and development of Hardy spaces on Euclidean spaces R n in the 1960s played an important role in modern harmonic analysis and applications in partial differential equations. Let us recall the definition of the Hardy spaces (see [8, 14, 21, 23, 24] ). Consider the Laplace operator ∆ = − belongs to L p (R n ). If this is the case, define
For p ≤ 1, the space H p (R n ) involves many different characterizations. For example, if f ∈ S ′ (R n ), then
⇐⇒ f has a (p, q) atomic decomposition f = The theory of classical Hardy spaces has been very successful and fruitful in the past decades. However, there are important situations in which the standard theory of Hardy spaces is not applicable, including certain problems in the theory of partial differential equation which involves generalizing the Laplacian. There is a need to consider Hardy spaces that are adapted to a linear operator L, similarly to the way that the standard theory of Hardy spaces are adapted to the Laplacian. This topic has attracted a lot of attention in the last decades, and has been a very active research topic in harmonic analysis -see for example, [2, 3, 4, 10, 12, 13, 16, 17, 18, 19, 25] .
In this article, we assume that L is a densely-defined operator on L 2 (R n ) and satisfies the following properties: (H1) L is a second order non-negative self-adjoint operator on L 2 (R n );
(H2) The kernel of e −tL , denoted by p t (x, y), is a measurable function on R n × R n and satisfies a Gaussian upper bound, that is (GE) p t (x, y) ≤ Ct −n/2 exp − |x−y| 2 ct for all t > 0, and x, y ∈ R n , where C and c are positive constants. Given a function f ∈ L 2 (R n ), consider the following area function S L f associated to the heat semigroup generated by L
Under the assumptions (H1) and (H2) of an operator L, it is known (see for example, [1, 2] 
To describe an atomic character of the Hardy spaces, let us recall the notion of (p, q, M)-atom associated to an operator L ( [10, 16] ).
The atomic Hardy space H p L,at,q,M (R n ) is defined as follows. [16] ). In particular,
A proof for p < 1 was shown by Duong and Li in [10] , and by Jiang and Yang in [20] . Given a function f ∈ L 2 (R n ), consider the non-tangential maximal function associated to the heat semigroup generated by the operator L,
It can be verified (see [16, 10] ) that for every 1 < q ≤ ∞ and every number M > n 2
and so the following continuous inclusions hold:
A natural question is to show the following continuous inclusion:
holds for some operators including Schrödinger operators with nonnegative potentials (see for example, [13, 10, 16] 
where N is a large number depending only on p and n.
We should mention that using the theory of tent spaces, a (p, 2, M)-atomic decomposition of the Hardy space H p L,S (R n ) in terms of area functions was given in [10, 16] . In this article, we shall use a different argument to build a (p, ∞, M)-atomic decomposition of the Hardy spaces H p L,max (R n ) in terms of maximal functions. Our proof is based on a modification of technique due to A. Calderón [6] , where a decomposition of the function F(x, t) = f * ϕ t (x) associated with the distribution f was given, and convolution operation of the function F played an important role in the proof. In our setting, there is, however, no analogue of convolution operation of the function
, we have to modify Calderón's construction and the geometry is conducting the analysis (see Figure 1 in Section 3). On the other hand, we do not assume that the heat kernel p t (x, y) satisfy the standard regularity condition, thus standard techniques of Calderón-Zygmund theory ( [7, 23] ) are not applicable. The lacking of smoothness of the kernel will be overcome in Proposition 3.1 below by using some estimates on heat kernel bounds, finite propagation speed of solutions to the wave equations and spectral theory of non-negative self-adjoint operators.
Throughout, the letter "c" and "C" will denote (possibly different) constants that are independent of the essential variables.
Preliminaries
Recall that, if L is a nonnegative, self-adjoint operator on L 2 (R n ), and E L (λ) denotes a spectral decomposition associated with L, then for every bounded Borel function
By the Fourier inversion formula, whenever F is an even bounded Borel function with the
which, when combined with (2.2), gives
. . , and for every t
which was defined by the spectral theory, satisfies
Proof. For the proof, we refer it to [15] and [16] .
Lemma 2.2. Assume that an operator L satisfies (H1)-(H2
Proof. For the proof, we refer the reader to Lemma 7.18, [22] . See also [11] .
Next we show the following result, which will be useful in the sequel.
Lemma 2.3. Assume that an operator L satisfies (H1)-(H2). Let ψ i ∈ S (R) be even functions,
for all t > 0 and x, y ∈ R n .
Proof. By symmetry, it suffices to show that if s ≤ t, then
To do this, we fix s, t > 0 and let Ψ(tx) = t s ψ 1 (sx)ψ 2 (tx), and so
Indeed, for any κ ∈ N, we have the relationship
and so when κ > n/4,
≤ Ct −n/2 , and so
.
Since ψ 1 ∈ S (R) and ψ 1 (0) = 0, we have that (sλ)
, and then the L 2 operator norm of the last term is equal to the L ∞ (R) norm of the function
] which is uniformly bounded in t > 0. This implies that (2.8) holds.
Next, we write
, it can be verified that for m > n/2, there exist some positive constants C and c such that for every t > 0, the kernel
which, in combination with 1 + |x−y| t
By symmetry, estimate (2.7) will be proved if we show that
, 1] and let
. From (2.8), the proof of (2.10) reduces to estimate the following:
By Lemma 2.2,
For the term I ℓ , we use Lemma 2.2 again to obtain
+2η+1 . It can be verified that for ψ i ∈ S (R), i = 1, 2,
Putting (2.12) and (2.13) into (2.11), estimate (2.10) follows readily. The proof of Lemma 2.3 is complete.
3. Proof of Theorem 1.4
The proof of Theorem 1.4 follows the line of (ii)⇒ (i) ⇒ (iii)⇒ (ii). The proof of (i) ⇒ (iii) will be an adaptation of the proof of the earlier known implication of (i) ⇒ (ii) (see [16, 10] ). Obviously, (iii)⇒ (ii). The left of the proof of Theorem 1.4 is to show an implication (ii) ⇒ (i). To do this, we first show the following result. 
As a consequence, for any ϕ ∈ S (R) be even function with ϕ(0) = 1,
Proof. Recall that for any 0 < α 2 ≤ α 1 ,
for any ϕ ∈ S (R) (Theorem 2.3, [7] ). Now, we let ψ(x) := ϕ 1 (x) − ϕ 2 (x), and then the proof of (3.1) reduces to show that
Let us show (3.2). Let Ψ(x) = x 2κ Φ(x) where Φ(x) is the function as in Lemma 2.1 and 2κ > (n + 1)/p. By the spectral theory ( [25] ), we have
Therefore,
Next we will prove that
Once estimate (3.4) is shown, (3.2) follows. Indeed, it follows from (3.3), (3.4) and the condi-
where we used Theorem 2.4 of [7] in the second inequality. Let us prove (3.4). Note that |w| < t. We write
We then apply Lemma 2.3 to obtain that for η ∈ (λ, 2κ),
This, together with the fact that
To estimate the integrals over |u| ≥ s, we note that if s ≥ t, then we use the fact that η > λ and s + |u − w| ≥ t + |u − w| ≥ |w| + |u − w| ≥ |u| to obtain
If s < t, then from the fact that t + |u − w| ≥ |w| + |u − w| ≥ |u| and η > λ,
Putting estimates (3.6) and (3.7) into (3.5), we have obtained that for any |w| < t,
Observe that η < 2κ. It follows
which shows estimate (3.4) , and the proof of Proposition 3.1 is end.
Proof of Theorem 1.4. To prove the implication (ii) ⇒ (i) of Theorem 1.4, from Proposition 3.1 it suffices to show that for
We start with a suitable version of the Calderón reproducing formula. Let Φ be a function defined in Lemma 2.1, and set Ψ(x) := x 2M Φ(x), x ∈ R. By the spectral theory ( [26] ), for every f ∈ L 2 (R n ) one can write
with η(0) = 1. It follows that η ∈ S (R) is an even function, and
By the spectral theory ( [26] ) again, one has
We obtain an decomposition for R n+1 + as follows:
Using the formula (3.8), one can write
with the sum converging in L 2 (R n ), where
Let us show that the sum (
we use (3.11) to obtain
Next, we will show that, up to a normalization by a multiplicative constant, the a i j are (p, ∞, M)-atoms. Once the claim is established, we shall have
as desired. Let us now prove that for every i, j, the function C −1 a i j is a (p, ∞, M)-atom associated with the cube 30Q i j for some constant C. Observe that if (y, t) ∈ T i j , then B(y, 4 √ nt) ∈ O i . Denote byỹ := y + 3tē, and soỹ ∈ Q i j and B(ỹ,
Denote the side length of Q i j by ℓ(Q i j ). It then follows that t ≤ 3ℓ(Q i j ). Since y + 3ēt ∈ Q i j , we have that y ∈ 20Q i j . From Lemma 2.1, the integral kernel
This concludes that for every
Now we consider the case k = M. The proof is based on a modification of technique due to A. Calderón [6] . In this case, we need to prove that for every i, j,
To show (3.13), we fix x and let d(x, Q i j ) < 30 √ nℓ(Q i j ). We claim that the properties of the set defining χ T i j (y, t) imply that there exist intervals (0,
Assuming this claim for the moment, we observe that for d(x, Q i j ) < 30 √ nℓ(Q i j ), one can write
To estimate I 1 (x), we note that if
, and so
. This, together with a l+1 ≤ cb l , implies that
i+1 . Combining (3.14) and (3.15), we obtain (3.13). It follows that a i j L ∞ ≤ C|Q i j | −1/p . Up to a normalization by a multiplicative constant, the a i j are (p, ∞, M)-atoms.
It remains to prove the claim (a), (b) and (c).
Let χ l (y, t) be one of the characteristic functions χ O i (y, t), χ ( O i+1 ) c (y, t), χ {y l +3t≤d l } (y, t) and χ {y l +3t≥c l } (y, t). We will prove that there exist numbers b l and a l+1 , 0 < b l ≤ a l+1 , a l+1 ≤ 3b l such that
y) for all t in each of the intervals complementary to (a l , b l ). And for at least one of χ l (y, t), y) in each of the intervals complementary to the union of the intervals (a l , b l ), which is what was asserted in the claim. Thus we merely have to prove (P). To do this, we consider four cases.
Case 1: χ l (y, t) = χ {y l +3t≥c l } (y, t). ). The proof can be an adaptation of the proof as in Case 3, and we omit the detail here.
In this case, since supp
This concludes the proof of the claim (P). We have obtained the proof of an implication of (ii) ⇒ (i) of Theorem 1.4. The proof of Theorem 1.4 is complete.
In the end of this section, we consider an electromagnetic Laplacian
Recall that a measurable function V on R n is in the Kato class when 
